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state. 



PACS numbers: 03.67.-a, 75.10.Pq, 03.67.Mn 

Entanglement, is a distinctive feature of quantum me- 
chanics [l|, Q , and has been found numerous apphcations 
in quantum information processing tasks [3|.The prob- 
lem of detect whether a quantum state is entanglement 
or not is widely studied. However, entanglement does not 
necessarily exhaust all quantum correlations present in a 
state. Beyond entanglement, quantum discord is a suit- 
able measure of quantum correlation. The total correla- 
tions between two quantum systems A and B are quan- 
tified by the quantum mutual information 



I{pab) = S{pa) + S{pb) ~ S{pab) 



(1) 



where S{p) = — Tr(plog2 p) is the Von Neumann entropy 
and = T^^b{A){pab)- 

On the other hand, the classical part of correlations 
is defined as the maximum information about one sub- 
system that can be obtained by performing a measure- 
ment on the other system. Given a set of projective 
(von Neumann) measurements described by a complete 
set of orthogonal projectors {11^} = {\bj){hj\} and lo- 
cally performed only on system B, which satisfying that 
lis ^ 0: Ylk = /, / is the identity operator, then 
the information about A is the difference between the 
initial entropy of A and the conditional entropy, that 
is X{pAB\{tiB}) = S{pa) - J^jPjSiPj), where pj = 

{I eg) fl^B)/9(J n]3)/Tr[(/ fljj)/9(/ (E> nij)], pj is the 
probability of the measurement outcome j and / is the 
identity operator for subsystem A. Classical correlations 
are thus quantified by Q{pab) = sup^jj3^jI(pAB|{n^}) 
and the quantum discord is then defined by 



T^b{pab) = I{pab) - Q{pab), 



(2) 



which is zero only for states with classical correlations 
and nonzero for states with quantum correlations. The 
nonclassical correlations captured by the quantum dis- 
cord may be present even in separable states. Q 

Relative entropy and symmetric quantum discord. - 
The quantum relative entropy is a measure of dis- 
tinguishability between two arbitrary density oper- 
ators p and (T, which is defined as S {p \\ a) = 



Tr {p log2 p — p log2 (t) [16| . We can express the quan- 
tum mutual information I{pab) as the relative entropy 
between pab and the product state pa® Pb, i-e. 



I {pab) = S (pab II PA ® Pb) ■ 



(3) 



In order to express the measurement-induced quantum 
mutual information J (pab) in terms of relative entropy, 
we need to consider a non-selective von Neumann mea- 
surement on part B of pAB^ which yields $b (pab) ~ 

Y,^ {Ia ® n^s) PAB (Ia ® = J2jPjPA\j ® \bj) {bj\. 
Moreover, tracing over the variables of the subsys- 
tem A, we obtain $_b (ps) = ^b{T^aPab) = 
J2jPj \bj) where we have used that Tr A{pA\j) = 1- 
Then, by expressing the entropies S{^b{pab)) and 
S{<^b{pb)) as S{<^BiPAB)) = Hip) + j:^p,s {pA\j) 
and S ($B (pb)) — H (p), with H (p) denoting the Shan- 
non entropy H {p) — —J2jPj^'^S2iPj)j can rewrite 
J{pab) as 



J (pab) = S ($B (pab) II PA ® ^B (pb)) 



(4) 



Therefore, the quantum discord can be rewriten in 
terms of a difference of relative entropies: T) (pab) = 

S {pAB \\ PA® pb) - S {<i>B (pab) \\ PA<E)^B (pb)), 

with minimization taken over {H'^} to remove the 
measurement-basis dependence. It is possible then to 
obtain a natural symmetric extension V (pab) for the 
quantum discord V (pab)- 

Indeed, performing measurements over subsystem A, 
we define A-discord as: 



T^A (pab) = min [S {pab \\ ^ab (pab)) 
{njio/} 

-S{pA II $A {pa))-S{pb II ^'b iPB))].{5) 
where the operator ^ab given by 

^iB (pab) - E (n^ ® i) PAB {u'a ® i) ■ (6) 

k 

and the operator ^a is given by 

^AipA)^J2{^A)pA{fi'k) ■ (7) 
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and the operator is in fact the identity operator 
^'b (pb) = PB (8) 

performing measurements over subsystem B, we define 
B-discord as: 

T^B (pab) = min [S {pab II ^ab (pab)) 

~S {pa II ^'a (pa)) - S {pB II $5 (pb))] ■ (9) 
where the operator ^ab given by 

'^AB (pab) - E ® n|) (/ ® n|) . (10) 



and the operator $b is given by 

$B (pb) = (nl) PB (n|) . 



(11) 



and the operator $5i is in fact the identity operator 

<i>i (pa) = PA (12) 
Then, the symmetric discord is defined as 

V{pab) =mm[DA{pAB),T^B{PAB)] (13) 

The aim of this work is to give a measure of gen- 
uine multipartite quantum discord for arbitrary N par- 
tite state. We will extend quantum discord as given by 
Eq. to multipartite systems. 

Recall that an A^-partite pure state G Hi ® H2 <S^ 
■ • - Hn is called biseparable if there is a bipartition 
jij2 ■ ■ ■ jk I jfc+i ■■■JN such that 



I'/') = IV'l)jlj2-iJV'2)jfc + i...i„, 



(14) 



where {ji , j2 , • • • jk | j/c+i , • • • Jn } is any partition of 
{1, 2, • • • , iV}, e.g., {13|24} is a partition of {1, 2, 3, 4}. 

Let 7 be any subset {jij2 ■ ■ • jk} of {1, 2, N}, cor- 
responding to a partition jij2 ■ ■ ■ jk\jk+i ■■■jN, e.g., for 
three qubits state, 7 = 1 corresponding to the partition 
A\BC, and corresponding to the reduced density matrix 
Pa, while if 7 = 23, then it corresponding to the reduced 
density matrix pbc- 

Definition. For an arbitrary N partite state pi...N, 
the genuine multipartite quantum discord 'D{pi...n) is 
defined as follows: 

(1). First, let p be an n partite state, and 7 be any sub- 
set {jij2 ■ ■ • jk} of {1, 2, A^}, corresponding to a par- 
tition jij2 • • • jfebfc+i • --jN, e.g., for three qubits state, 
7 = 1 corresponding to the partition A\BC, and corre- 
sponding to the reduced density matrix pA, and 7' is de- 
fined as the complemental set of 7(that is, the set union of 
7 and 7' is the total set {1, 2, N}, i.e., for three qubits 
state, if 7 = 1, then 7' = 23), then define the 7-discord 
as 



2^7 iPi,2,...,N) = min 



S (pi,2,...,W II *7,2,...,Jv(Pl,2,...,w)) 

-S{p,\\<^,{p^))]. (15) 
where the operator at is given by 

*l2,...,Ar (Pl,2,...,Ar) = {^^' ^ ^1) Ph2,...,N (ly ® H^) • 
k 

(16) 

Here I^i is the identity operator for subsystem 7', and 
the operator $^ is given by 



% (P7) = E (n') (n') 



(17) 



(2). then define the genuine multipartite quantum dis- 
cord as the minimal of all 7-discord: 



V{p 



1,2 N) — iiiiii -^7 

7 



min 2?^ (pi,2,. 



(18) 



where the min run over all partition 7. 

Take three partite quantum state /9123 as example. 

For 7 = 1, 



T^i (Pi,2.3) = min [S {pi.2,3 II 2 3 (Pi,2,3)) 
{/23®nj} 



(19) 



-Sipi II $1 (pi))]. 
where the operator $123 is given by 

*l2.3 (/5l.2,3) = E ® -^23) Pl,2,3 {fil ® ^23) . (20) 

k 

and the operator $1 is given by 

$1 (M = E (n?) Pi {til) ■ (21) 

For 7 = 2, 

T^2 (/O1.2.3) = min [S {pi,2.3 II *i 2 3 (^1,2.3)) 

-^(/52 II <i>2(/52))]. (22) 
where the operator *&i 2 3 is given by 

*?,2,3 (/5l,2,3) = E (^1 ® ® '°1^2,3 [h ® £[2 13) . 
k 

(23) 



and the operator <i>2 is given by 



*2 {P2) = E (^2) P2 (n 



(24) 



For 7 = 12, 
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2^12 (/5i,2,3) = min [S {pi,2,3 II ^ila (Pi,2,3)) 

-^(Pl2 II $12(/5l2))]. (25) 

where the operator 3 is given by 

'^l%,3 (Pl,2,3) = (^^2 ® ^3) {^12 ® ^3) . (26) 

k 

and the operator <I>i2 is given by 

<i>i2 (/5i2) = J2 (n^2) P12 (11^2) . (27) 

Similarly, we can get the case of 7 = 3, 7 = 13, 7 = 23, 
and get I'(pi,2,3) = min^D-y (pi,2,3): where 7 run over 
the six sets 1, 2^3,12,13,23. 

Therefore, a genuine multipartite classical state can 
be defined by the following: we say that a multipartite 
quantum state is genuine multipartite classical, if there 
exists a partition 7, such that pi...N = 2 n (Pi-'-n), 
which means that classical states are not disturbed by a 
suitable local measurements. Indeed, this definition of a 
classical state implies that p-y = $^ (p^), which means 
V{pi...n) = 0. 

Theorem For an N partite quantum state pai---An 
on Hilbert space Hi ® H2 ■ ■ ■ H^, The genuine multipar- 
tite quantum discord V {pai---An) is non-negative, i.e., 

V{pA,...A.)-^0. 

Proof. To prove that V {pa^-.-An) ^ 0,we need to 
prove that, for any 7, the 7-discord is non-negative, 
i.e., (p^i - Ajv) ^ 0. Without loss of generality, we 
can assume that 7 = 1, which corresponding to the re- 
duced density matrix pAi- Define the POVM as fol- 
lows: define $(/5ai...a„) = Y^k^k PA^-AM'^k: with 
lik — (E> • • • ® II'aJv ^"^^ ^ denoting the index string 
iji'''jN), with ji an arbitrary integer, j2 = ja — 
■■■Jn = 1, and define 4>i (paJ = PAi and 

4"^ (pa,) = PA.,i = 2,3---N. 

We associate with each subsystem Aj an ancilla sys- 
tem Bj. Therefore, we will define a composite density 
operator p'a^...a^;B^-b„ such that 

PM-A«;B^-B^ ^Y^fikPAr-Ai^fik' hk', (28) 
fe k' 

where Akk' — l-Bji • • • Bjj^){Bji^ ■ ■ ■ Bji^ |, with k and fc' 
denoting the index strings {ji ■ ■ ■ Jn) and {j[ ■ ■ • j^),with 
jij'i arbitrary integers, j2 ^ js = ■■■Jn = j[ = = 
• • • = = 1, respectively. From the monotonicity of the 
relative entropy under partial trace plj , for any positive 
operators ai2 and 712 such that Tr((Ti2) — Tr(7i2), we 
have that S ((T12II712) > -S* (o'l II71), where cti — Tr2 ((T12) 
and 71 = Tr2(7i2). Then 5 (o-i23...Af ||7i23...Af) ^ ■•• ^ 
<S'(a-i23||7i23) > 5'((Ti2||7i2) ^ S'(o-i||7i). By taking 



PAi-A„;Si-Biv ^ ^ ^'^d PAi;B^ ®p'Ar,B^ ® ■ ■ ■'^P'aj,:B^ 

as 7, we obtain 

-S* {PAi---An;Bi-Bn \\PAi:Bi ® PA2;B2 ® • ■ • ® PAn;Bn) 

>S{p'^^...^Jp'^^^...(E)p'aJ, (29) 

which therefore implies that s ) ^ 

^(PAi...A«;i3i...s«) > Ef=iS[pA,) - S{p'A,...A^)■ 
MoreoveI, from Eq. (|28p . it follows the relations: 
'S' (pai---a„;Si...s„) = 'S'(/5ai...a„), 5" (pai-.-An) = 
5(<i>(pA,...Aj), ^(p:4,;B,) - S{pA,) (Vj), and 
^(pa,) = S{<S>j{pA,)) (Vj). Then, inequal- 
ity ^ becomes (pa j) - 5" (/5ai...a„) ^ 

EUs{<^j{pa,)) - 5($(/5a,...a„)). By rewriting 
this inequality in terms of the relative entropy, we obtain 

^(PA,...A„||$(/5A,...A„))-Ef=l5(/5A,||*, (/5A,)) ^ 0. 

SO, we proved that (/5ai - Ajv) ^ 0- For other 7, the 
proof remain the same, then we get that V (pai---An) ^ 0- 
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PACS numbers: 03.67.-a, 75.10.Pq, 03.67.Mn 

Entanglement, is a distinctive feature of quantum me- 
chanics jH, 13] , and has been found numerous apphcations 
in quantum information processing tasks [3|-The prob- 
lem of detect whether a quantum state is entanglement 
or not is widely studied. However, entanglement does not 
necessarily exhaust all quantum correlations present in a 
state. Beyond entanglement, quantum discord is a suit- 
able measure of quantum correlation. The total correla- 
tions between two quantum systems A and B are quan- 
tified by the quantum mutual information 

I{pab) ^ S{pa) + S{pb) ~ SIpab) (1) 

where S{p) — — Tr(/3log2 p) is the Von Neumann entropy 
and pa{b) = ^T:B{A)iPAB)- 

On the other hand, the classical part of correlations 
is defined as the maximum information about one sub- 
system that can be obtained by performing a measure- 
ment on the other system. Given a set of projective 
(von Neumann) measurements described by a complete 
set of orthogonal projectors {11^} = {\bj){bj\} and lo- 
cally performed only on system B, which satisfying that 
^ 0, J2k = I7 I the identity operator, then 
the information about A is the difference between the 
initial entropy of A and the conditional entropy, that 
is I{pAB\{tiB}) = S{pa) - Y.jPjSiPj), where pj = 
{I (g) U^)pil ® Ili)/Tr[{I ® U^)pil ^ nij)], Pj is the 
probability of the measurement outcome j and / is the 
identity operator for subsystem A. Classical correlations 
are thus quantified by Q{pab) = s}ip^jjj^^I{pAB\{nB}) 
and the quantum discord is then defined by 

'DeipAB) = Apab) - Q{pab), (2) 

which is zero only for states with classical correlations 
and nonzero for states with quantum correlations. The 
nonclassical correlations captured by the quantum dis- 
cord may be present even in separable states. Js*] 

Relative entropy and symmetric quantum discord. - 
The quantum relative entropy is a measure of dis- 
tinguishability between two arbitrary density oper- 
ators p and (T, which is defined as S {p \\ a) = 
Tr (/51og2 jO — plog2 (t) l^. We can express the quan- 
tum mutual information I{pab) as the relative entropy 



between pab and the product state pA ® Pb, i-e. 

I (PAb) = S {pAB \\ PA ® Pb) ■ (3) 

In order to express the measurement-induced quantum 
mutual information J (pab) in terms of relative entropy, 
we need to consider a non-selective von Neumann mea- 
surement on part B of pab, which yields $b (pab) = 

{Ia nij) PAB (ia ® nis) = EjPjPai, ® \bj) 

Moreover, tracing over the variables of the subsys- 
tem A, we obtain ^b{pb) = ^bO^^aPab) = 
J2jPj i^jli where we have used that TTA{pA\j) = 1- 
Then, by expressing the entropies S {^b (pab)) and 
Si^BiPB)) as Si^BipAB)) = H{p) + J:^PjS {pa\j) 
and S {^B {pb)) ^ H (p), with H (p) denoting the Shan- 
non entropy H (p) = —'^jPjlog2{pj), we can rewrite 
J (pab) as 

J (pab) = S i^B (pab) II PA ® ^B {pb}) ■ (4) 

Therefore, the quantum discord can be rewriten in 
terms of a difference of relative entropies: T) (pab) — 
S {pAB \\ PA (E> pb) - (pas) II PA «> $B (pb)), 

with minimization taken over {H'^} to remove the 
measurement-basis dependence. It is possible then to 
obtain a natural symmetric extension T) (pab) for the 
quantum discord V (pab)- 

Indeed, performing measurements over subsystem A, 
we define A-discord as: 

T^A {pab) = min [S {pab \\ ^ab (pab)) 

-S [pA II $A (pa)) - S {pB II <f'B (pb))] . (5) 
where the operator ^^b given by 

*AB (pab) = E (^A » PAB {fl\ ® /) . (6) 
k 

and the operator ^a is given by 

^AipA)^J2{^A)pA{fi'k) ■ (7) 
k 
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and the operator is in fact the identity operator 
^'b (pb) = PB (8) 

performing measurements over subsystem B, we define 
B-discord as: 

T^B (pab) = min [S {pab II ^ab (pab)) 

~S {pa II ^'a (pa)) - S {pB II $5 (pb))] ■ (9) 
where the operator ^ab given by 

'^AB (pab) - E ® n|) (/ ® n|) . (10) 



and the operator $b is given by 

$B (pb) = (nl) PB (n|) . 



(11) 



and the operator $5i is in fact the identity operator 

<i>i (pa) = PA (12) 
Then, the symmetric discord is defined as 

V{pab) =mm[DA{pAB),T^B{PAB)] (13) 

The aim of this work is to give a measure of gen- 
uine multipartite quantum discord for arbitrary N par- 
tite state. We will extend quantum discord as given by 
Eq. to multipartite systems. 

Recall that an A^-partite pure state G Hi ® H2 <S^ 
■ • - Hn is called biseparable if there is a bipartition 
jij2 ■ ■ ■ jk I jfc+i ■■■JN such that 



I'/') = IV'l)jlj2-iJV'2)jfc + i...i„, 



(14) 



where {ji , j2 , • • • jk | j/c+i , • • • Jn } is any partition of 
{1, 2, • • • , iV}, e.g., {13|24} is a partition of {1, 2, 3, 4}. 

Let 7 be any subset {jij2 ■ ■ • jk} of {1, 2, N}, cor- 
responding to a partition jij2 ■ ■ ■ jk\jk+i ■■■jN, e.g., for 
three qubits state, 7 = 1 corresponding to the partition 
A\BC, and corresponding to the reduced density matrix 
Pa, while if 7 = 23, then it corresponding to the reduced 
density matrix pbc- 

Definition 1. For an arbitrary N partite state pi...N, 
the genuine multipartite quantum discord 2?(pi...7v) is 
defined as follows: 

(1). First, let p be an n partite state, and 7 be any sub- 
set {jij2 ■ ■ • jk} of {1, 2, iV}, corresponding to a par- 
tition jij2 • • • jfebfc+i • --jN, e.g., for three qubits state, 
7 = 1 corresponding to the partition A\BC, and corre- 
sponding to the reduced density matrix pA, and 7' is de- 
fined as the complemental set of 7(that is, the set union of 
7 and 7' is the total set {1, 2, N}, i.e., for three qubits 
state, if 7 = 1, then 7' = 23), then define the 7-discord 
as 



2^7 iPi,2,...,N) = min 



S (pi,2,...,W II *7,2,...,Jv(Pl,2,...,w)) 

-S{p,\\<^,{p^))]. (15) 
where the operator at is given by 

*l2,...,iV (Ph2,...,N) = ^ ^1) Ph2,...,N (ly ® . 

k 

(16) 

Here I^i is the identity operator for subsystem 7', and 
the operator $^ is given by 



% = E (n') (n') 



(17) 



(2). then define the genuine multipartite quantum dis- 
cord as the minimal of all 7-discord: 



V{p 



1,2 N) — iiiiii -^7 

7 



min 2?^ (pi,2,. 



(18) 



where the min run over all partition 7. 

Take three partite quantum state /9123 as example. 

For 7 = 1, 



T^i (Pi,2.3) = min [S {pi.2,3 II 2 3 (Pi,2,3)) 
{/23®nj} 



(19) 



-Sipi II $1 (pi))]. 
where the operator $123 is given by 

*l2.3 (/5i.2,3) = E (nJ ® -^23) Pi,2,3 (n? ® ^23) . (20) 

k 

and the operator $1 is given by 

$1 (pi) = E (n^) pi (nf) • (21) 

For 7 = 2, 

2?2 (/O1.2.3) = min [S {pi,2.3 II *i 2 3 (^1,2.3)) 

-^(/52 II <i>2(/52))]. (22) 
where the operator $123 is given by 

*?,2,3 (Pl,2.3) = E (^1 ® ® '°1^2,3 [h ® £[2 13) . 
k 

(23) 



and the operator <i>2 is given by 



*2 {P2) = E (^2) P2 (n 



(24) 



For 7 = 12, 
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2^12 (/5i,2.3) = mill [S (/5i,2.3 II 3 (Pi.2,3)) 

{/3®n5=j 

-S{pi2 II <^12 {P12))] ■ 



where the operator $1^2 3 is given by 



*li2,3 (Pi.2,3) = 



E;n^2 

k 



3 Pi, 2 



.3 (nj2 



and the operator $12 is given by 

'&I2 (/5l2) = (^^2) P12 (n^-; 



(25) 



(26) 



(27) 



Similarly, we can get the case of 7 = 3, 7 = 13,7 = 23, 
and get 2?(pi_2,3) — min-yP-y (/5i,2,3), where 7 run over 
the six sets 1, 2, 3, 12, 13, 23. 

Theorem 1. For an N partite quantum state pax---An 
on Hilbert space Hi ^ H2 ■ ■ ■ Hn, The genuine multipar- 
tite quantum discord V {pai---An) is non-negative, i.e., 

VipA,...A^)^0. 

Proof. To prove that 'D{pai---An) ^ 0,we need to 
prove that, for any 7, the 7-discord is non-negative, 
i.e., Vj {pai---An) ^ 0. Without loss of generality, we 
can assume that 7 = 1, which corresponding to the re- 
duced density matrix pAi- Define the POVM as fol- 
lows: define $(/5ai...a„) = J2k^k PAi---An n*:i with 
Ilk = (g) • • • ® II'^ and k denoting the index string 
Ui-'-Jn), with ji an arbitrary integer, j2 = js = 
• ■ • jjv = 1, and define $1 (paJ = Y.j^ ^Ai PM ^Ai ^^'^ 
$i {PA,) = PM.i = 2,Z---N. 

We associate with each subsystem Aj an ancilla sys- 
tem Bj. Therefore, we will define a composite density 
operator p'A^...Ar,;B^-BM such that 



PAi---Ajv;-Bi--Bix 



where A 



fcfc' 



IB, 



• • ■ B., 



■An ^^k 



T\u ® A 



fcfc' 



(28) 



with k and k' 



J'l 



J'2 



denoting the index strings {ji ■ ■ ■ Jn) and {j[ 
jij'i arbitrary integers, j2 = J3 = ■■■Jn = 
• • • = = 1, respectively. From the monotonicity of the 
relative entropy under partial trace [21], for any positive 
operators ai2 and 712 such that Tr((Ti2) — Tr(7i2), we 
have that ((712II712) > S'((7i||7i), where cti = Tr2 ((T12) 
and 71 = Tr2(7i2). Then (0-123. ..Af||7i23.. .w) ^ ••• ^ 
S" ((T123II7123) > 5'((7i2||7i2) ^ S'(o-i||7i) 

/5!4i-A„;Bi-S„ as a and pA^■B^ ®P'Ar,B^ ® 

as 7, we obtain 



By taking 

■®P'an;Bn 



^ {p'ai---An\Bi---Bn\\p'ai;Bi ® P'a2;B2 ' 

>S{p'a^...aJ\p'a,®---®p'a, 



' PAn-^Bis 



(29) 



which therefore implies that '^f=i S (^PA^Bjj ^ 
S{pm-An;B,-Bn) > Ejli^fpA,) - ^(PAl...A„)■ 



Moreover, from Eq. (|28p . it follows the relations: 
'S' (pl4i---A„;Si-.-s„) S'(/5ai...a„), (pai...a„) = 
S[^{pa,-An)). s(p'^^,s^ - S{pA,) (Vj), and 
^(p:,^ = S{^,{PA,)) (Vj). Then, inequal- 
ity (HSl) becomes X;^i'S'(/5 A, ) - 5" (pai-.-Ajv) ^ 

EjLi^l'fj lPA,)) - 5($(PA,...A„)). By rewriting 
this inequality in terms of the relative entropy, we obtain 

S{pa.-aA<^{pa.--An))-Y!',=iS{pa,\\'^Apa:)) ^ 0. 
so, we proved that (pai-.-Ajv) ^ 0- For other 7, the 
proof remain the same, then we get that T> (/5ai-Ajv) ^ 0- 
■ 

Definition 2. a multipartite state is said to be 
genuine multipartite semiquantum (GMS for 
short), if there exists a partition 7, such that p\...f^ — 
*^i2 Ar(pi - Af), where the super operator at 
is defined as Eq. ()16p . which means that semiquan- 
tum states are nqt disturbed by a suitable local measure- 
ments, (see Ref 23]for bipartite case). Indeed, this defi- 
nition of a semiquantum state implies that p~^ = $-y (p^), 
which means T> {pi...n) — 0. 

Remark.Note that, the genuine multipartite semi- 
quantum state may contain bipartite quantum discord. 
To see this. Define pabc = Pab ® pciwith pab be 
the maximal entanglement Bell state, and pc = |^')($|, 
1$) = (1,0)-^. The 3-partite state pabc is a genuine 
multipartite semiquantum state, but it contain 2-partite 
quantum discord. 

Similar to the proof of Ref (2^, we get the following 

conditions for a N partite state pi^2 n to be genuine 

multipartite semiquantum, the following are equivalent: 

(1) . pi_2 N is genuine multipartite semiquantum. 

(2) . there exists a partition 7|7'(e.g. for three par- 
tite state, A\BC is such a partition), such that the 
state do not changed after the action of the superop- 
erator ^1^2.. ..,n^ which is given by ^•i_2,...,Ar [pi,2,-,n) = 



j^),with (3). pi. 



(4).pi,: 



.AT 



commutes with each I^i O U!^. 
has the representation as: 



k 



, with pk a probability distribution, and py are local 
states on subsystem 7', e.g., 7' — 23. 

In [33*1, the authors get a witness to detect the semi- 
quantum of bipartite state, as follows: 

For a given bipartite state qab, a polynomial LU in- 
variant of degree k is given by Tt{U^U^ g'^'^), where 
jjA{B) some permutation operator acting on k copies 
of subsystem A{B) [? ] . In what follows we shall consider 
only A: = 4 copies of the state and label them with num- 
bers from 1 to 4. As examples the permutation operator 
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t/^ may be taken as V{^V^^ or V^^V^^, where 

dl-i 



K;f= ^ |ni,n2)(n2,ni|,, = ^ ®G^^- (30) 

■^1,^^2—0 fi—Q 

is the swapping operator acting on two copies of qudit B 
labeled with i,j — 1,2,3,4. Here we have introduced a 
complete set of local orthogonal observables [? ] {G^ \ 
= 0,1,2, - 1} satisfying Tr(G^G^) = 6^^ for 

qudit B. The permutation operator may be the cyclic 
permutation operator 

dA-l 

Xa= ^ |ni,n2,n3,n4)(n2,n3,n4,ni| (31) 

ni ,n2 ,n3 ,n4— 

acting on four copies of qudit A. It is obvious that Xa = 
^12 ^23 ^34- main result is: 

Lemma fs^J A (Ia x c?b bipartite state qab has a van- 
ishing quantum discord, i.e, DAigAs) = 0, if and only if 
TT(Wg%) = where 



W^-{XA + X\)(V,'IV,'i 



(32) 



Now, we turn to our problem, we wish to get a witness 
to detect the semi-quantum of N partite state. 

To do this, if we split the N partite state as a two 
partite state, that is, 7|7'(e.g. for three partite state, 
A\BC is such a partition), look 7 as part A, 7' as part 
B, then we can get the following: 

Theorem 2 Regard an N partite state pi,2,...,Af as a 
bipartite state Qa-ib-i'^ (with that look 7 as part A, 7' 
as part B, so A and B only depend on 7,7', and we use 
A"^ , B'^ to denote this ), then pi^2,...,N has a vanishing 
quantum discord, i.e, D{p) = 0, if and only if there exists 



a partition 7I7', such that Tt{Wq' 



A-iB-i 



where 



W = -{Xa-, + X\^){V^; V,f - V,f V,T ). (33) 



So the witness can be find as: min Tr(Wg 



A-IB-I 



where 



the minimal run over all possible partition 7. 
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